A new set of relative orbit elements (ROEs) is used to derive a new elliptical formation flying model in previous work. In-plane and out-of-plane relative motions can be completely decoupled, which benefits elliptical formation design. In order to study the elliptical control strategy and perturbation effects, it is necessary to derive the inverse transformation of the relative state transition matrix based on relative orbit elements. Poisson bracket theory is used to obtain the linear transformations between the two representations: the relative orbit elements and the geocentric orbital frame. In this paper, the details of these transformations are presented.
Introduction
In previous papers, an alternative method to study the dynamics of elliptical formation flying based on a new set of relative orbit elements was presented. The new relative orbit elements are very useful to obtain the geometric characteristics of relative motion. The principle of the method is simple. To make the ROE-based method more understandable, it is necessary to derive the transformations between the two representations: the relative orbit elements and the geocentric orbital frame.
Historically, the first article that presented these transformations was [1] , but the author did not use them for relative motion. Other transformations were used by Garrison et al. [2] to obtain the equations of the relative motion for an elliptical reference orbit. Alfriend proposed another way to obtain the transformations and intro-duced another set of orbital elements in Reference [3] . Using Alfriend's method, also called geometric method, Gim [4] introduced J2 perturbations and Sengupta introduced second order effects [5] . This solution has none of the drawbacks of Hill and Lawden equations. It can take into account second order effects, eccentric reference orbit, and perturbations. This solution is very well-adapted for control and navigation. Fontdecaba [6] used the Poisson brackets [7] to have transformations between the two representations: the difference of orbital elements and the local orbital frame.
Using the spherical geometry, Han's relative orbit elements are strictly defined through the employment of a projection rule [8] . A new elliptical relative motion model with no singularity problem based on the relative orbit elements is derived [9] [10] . Although the relative orbit elements are derived very differently from the differences of orbital elements, the transformation between the two methods can also be obtained. In order to analyze the perturbation effects and the control strategy, the inverse transformation of relative state transition matrix is greatly needed. Poisson brackets method is used to derive the inverse transformation in this paper.
The structure of the paper is as follows. The first section is the introduction. The second section will briefly introduce the new set of relative orbit elements, which are relative average drift rate, relative eccentricity vector, relative inclination vector, and difference of mean argument of latitude. The transformation between the relative orbit elements and the difference of orbital elements is given. Then the elliptical relative motion model based on the improved ROE theory is derived. The inverse transformation of the relative state transition matrix is obtained to analyze the perturbation effects and control strategy in the third section. The end is the conclusion.
Relative Motion Equations

Related Coordinate Systems
1) o
F is spacecraft-centered local vertical local horizontal coordinate system, with z -axis pointing to Earth's center, x -axis perpendicular to z -axis in the direction of the instantaneous velocity and y -axis perpendicular to the orbit plane.
2) n F is Earth-centered node coordinate system, with x -axis pointing toward ascending node, z -axis in the direction of the moment of orbit motion, and y -axis completing the right-hand rule in the orbit plane.
3) o F is geocentric orbital coordinate system, with x -axis pointing to spacecraft, z -axis in the direction of the moment of orbit motion, and y -axis completing the right-hand rule in the orbit plane. 4) I F is Earth-centered inertial coordinate system, with x -axis pointing to the vernal equinox, z -axis fixed at celestial pole, and y -axis completing the right-hand rule in the equatorial plane.
Definition of Relative Orbit Elements
As introduced in the classical Keplerian orbits, the movement of a satellite is mathematically described by six quantities, called orbital elements, which are semi-major axis, a , eccentricity, e , inclination, i , right ascension of ascending node, Ω , argument of perigee, ω , and mean anomaly, Μ . For the relative motion between two close satellites, which means 0 1 r a ∆  , r ∆ is the relative distance, some simplifications can be made. Through first-order linear expansion, the relative orbit elements can be expressed as [8] ( ) 
where n * is the mean motion of the satellite, 
The orbital elements in Equation (2) are all referred to the orbital elements of the chief satellite. In the remainder of the paper, the subscript 0 will be omitted unless declared. Let
then Equation (2) can be written as
Seen from Equation (3), the transformation between the relative orbit elements and the difference of orbital elements can be obtained.
Relative Motion Equations
Seen from Figure 1 , using the method of coordinate transfer and one-order linear expansion, the linear ROEbased relative motion equations expressed in the o F frame of the chief satellite can be easily derived as ( ) 
t is the epoch time. r is the position vector in I F frame and r = r .
Using the first derivative of Equation (4) with respect to time t , the velocity equations of elliptical relative motion can be expressed as ( ) 
where ( ) 
Equation (4) and Equation (5) are referred as the elliptical relative motion equations.
The Inverse Transformation
Relative State Transition Matrix
Equation (4) and Equation (5) can be rewritten as the form of state transition matrix as bellow 
The inverse matrix 
Then the following equations can be obtained ( ) 
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Solving
( ) Combining Equation (9) and Equation (10), the equations shown in Equation (11) can be obtained. 
Formula ( ) ( ) 1  1  1  1  1  1  1  11  12 22  21  11  11  12  22  21 11  12  21 ∆ as perturbation acceleration f , the equations above would become differential equations. Based on the differential equations and the finite difference form, the perturbation effects and control problem can be easily solved.
Numerical Simulations
In this section, a numerical simulation is proposed to demonstrate the performance of the ROEs-based relative motion equations. Suppose that at the beginning the chief and deputy satellites have the same location and velocity in space. The two satellites move on an elliptical orbit with semi-major axis 7555 km and inclination of angle 48˚. The initial right ascension of ascending node, argument of perigee, and true anomaly of the satellites are all set to be zero. Let 0 0.3 e = . Let 1000 m d ∆ =
. The desired relative orbit elements are
The relative orbit trajectory for deputy satellite with respect to the chief established with the ROE-based control law is shown in the chief satellite o F frame in Figure 2 . The chief and the deputy satellites are assumed to be coincident initially. Thus the relative orbit starts from the origin. The ◇ in Figure 2 denotes the thrust location. The control laws can be obtained from the inverse matrix of the relative state transition matrix ( Table 1) . 
Conclusion
The paper investigated the problem of the inverse transformation of the state transition matrix based on relative orbit elements. Poisson bracket theory is used to obtain the linear transformations between the two representations: the relative orbit elements and the geocentric orbital frame. This new method leads to very simple results, and very easy to simplify. Two different expressions of the inverse matrix are presented, which can be used to analyze the elliptical relative motion control strategy and perturbation effects. 
Appendix
